Dirichlet-like space and capacity in complex analysis 

in several variables 



Gabriel Vigny 
February 1, 2008 

Abstract 

For a Kahler manifold X, we study a space of test functions W* which is a 
complex version of W^'^. We prove for W* the classical results of the theory of 
Dirichlet spaces: the functions in W* are defined up to a pluripolar set and the 
functional capacity associated to W* tests the pluripolar sets. This functional 
capacity is a Choquet capacity. 

The space W is not reflexive and the smooth functions are not dense in it for 
the strong topology. So the classical tools of potential theory do not apply here. 
We use instead pluripotential theory and Dirichlet spaces associated to a current. 
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1 Introduction 

The theory of Dirichlet spaces has been developped in the 1960's as a powerful tool 
in potential theory (see e.g |Den65) ). Its developments led to the theory of functional 
capacity for the Sobolev spaces and to the theory of pointwise value for functions in 
W'^'P (see |FZ73j . |Zie89j and [AH96]). Those topics are useful in functional analysis, 
PDE and dynamics. In complex analysis in several variables, the work of Bedford and 
Taylor ([BT82]) is a non-linear generahzation of the Newtonian capacity in potential 
theory where the Laplacian is replaced by the Monge- Ampere operator {d(f)^ ^nd 
the subharmonic functions by the plurisubharmonic functions (psh for short). Since 
then, the Bedford- Taylor capacity has been greatly used and studied. Capacities have 
become a classical tool in complex analysis and dynamics in several variables. Several 
capacities have been introduced since then (see |SW80| . |Ale81| . |DS06b) and |GZ05| ). 
Stih, none of those capacities are "functional capacities" as in |FZ73) . The main pur- 
pose of this article is to introduce such a capacity for compact Kahler manifolds. 



For that, we present here a complex Sobolev space W* introduced by Dinh-Sibony 
in |DSQ6a) . Their purpose was to give a new proof of the decay of correlations for the 
dynamics of meromorphic maps. Let X be a Kahler manifold and lo a Kahler form 
on X. The space W* is the subspace of VF^^^ of functions Lp such that there exists a 
positive closed current of finite mass T^p satisfying: 

idip Ad(p <T^, 
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and we define on W* the norm: 

ll'y'll* ~ + ii^f closed, satisfying idtp A d^p < r|, 

where m(T) :— T A w*^"^. This definition seems more fitted to the complex case 
because it is independent of holomorphic change of coordinates. Our purpose in this 
article is to adapt the theory of Dirichlet spaces to the space W*. In particular 
we want to show that the space W* characterizes pluripolar sets just like the space 
W^ "^ characterizes polar sets. Namely, we show that functions in W* , a priori defined 
almost everywhere, can in fact be defined up to a pluripolar set, and that the functional 
capacity C associated to W* defined for a Borel set E by: 

C(i?) = inf I ||<y9||^, ip < —I a. e on some neighborhood of i?, ip < on 

satisfies C{E) = if and only if E is pluripolar. On the other hand, they are some 
main differences with the classical case: smooth functions are not dense for the strong 
topology in W*, and we will see in corollary 12. 8^ that the space W* is not reflexive. 
So all the classical proofs in the theory of functional capacities fail and we will need to 
use other tools, especially pluripotential theory, Bedford- Taylor capacity and Dirichlet 
spaces associated to a current (see |Oka82) ). 

The space W* appears as a space of test functions suited to complex analysis and 
dynamics: it is in a way very similar to 14^^'^ (S) where S is a Riemann surface, so we 
will stress on the similarities. Let us now detail the strucure of the article. 

In section m we study the basic properties of the space W* in both the local and 
compact case. In particular, we show that it is a Banach space and we introduce a 
notion of weak convergence for which compactness results hold. Then we show that 
the elements of W* are in BMO, so they are in for all p < +oo. We give examples 
showing that the elements of W* are not in VMO in general, that smooth functions are 
not dense in W* for the strong topology and that W* is not reflexive. We conclude by 
a theorem of weak density of smooth functions in W* for a compact Kahler manifold. 

We consider the local situation in section [31 We prove two of our main results: the 
functions in W* are in the Dirichlet spaces associated to some positive closed currents 
and are quasi-continuous for the Bedford- Taylor capacity. This allows us to deflne for 
each function in W* a value at every point outside a pluripolar set. In fact, functions 
in W* are pluri-finely continuous outside a pluripolar set, which leads to interesting 
properties for the size of their Lebesgue set. 

In section 4, we consider the case where X is a compact Kahler manifold. We 
develop the study of the functional capacity C for W* for which pluripolar sets are 
the sets of zero capacity. We show that it defines a Choquet capacity. The continuity 
result C{LiEi) = limC{Ei) for (Ei) an increasing sequence of Borel sets is the main 
difficulty, and it uses the results of the previous section. We show that this capacity 
and the Bedford Taylor capacity are comparable. We briefiy explain how to extend 
these results to the local case. Finally, we introduce its dual capacity using classical 
arguments. 

In an appendix, we recall essential facts of the theory of Dirichlet spaces in the 
setting of Dirichlet space associated to a positive closed current (see [Den65] and par- 
ticularly |Oka82) ). We give all the proofs for the reader's convenience and we stress on 
what would make them fail in the case of W*. More precisely, the classical approach 
consists in constructing the capacity first and using it to prove quasi-continuity results 
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whereas our approach for W* is to prove quasi-continuity results first. The reader not 
famihar with Dirichlet spaces may start with this appendix. 

Acknowledgements. The author thanks Tien-Cuong Dinh and Nessim Sibony for 
their advices during the preparation of this article. 

2 General setting 

2.1 Definitions and first results 

Let X be a Kahler manifold of dimension k which is either a bounded open set of C*^ 
or a compact manifold. We denote by d'^ the operator d'^ := z/(27r)(9 — d). We let uj 
be a Kahler form on X such that J-^uj^ = 1 (for a bounded domain in C*^, we use the 
Kahler form uj = cdd"^ 1 1 z | p , c > 0). Let W^'^ be the Sobolev space of real functions in 
whose differential in the sense of currents is a form with coefficients. We define 
the norm |l9?||^i,2 = \\^\\'l2 + IMvllia on W^^^. Define W* as the subspace of W^''^ 
corresponding to the functions ip £ W^-^ such that there is a bidegree (1,1) closed 
current T of finite mass on X with: 

idipAd(p<T (1) 

in the sense of currents |DS06a| . Observe that T satisfying ^ is positive since the 
left-hand side is positive and if X is compact it is always of finite mass. Observe that 
when k — 1, W* — W^-^ since every (1, 1) form is closed in dimension 1. The set of 
currents satisfying Jl]) is in fact convex and closed in the sense of currents since a weak 
limit of a sequence of positive (resp. closed) currents is positive (resp. closed). 
For if € W* , we use the notation: 

\Wf* = llvlli^ +inf |m(r)|r closed, satisfying ([l])} 

where m{T) := T A is the mass of T. Observe that the infimum in the 

definition of is reached because it is taken over a closed set. Furthemore, a 

current minimal in ([1]) will not charge hypersurfaces. Indeed by Siu's theorem |Siu74j . 
it can then be written Ti + T2 where the Ti are positive closed currents with Ti a 
current of integration on a countable union of hypersurfaces and T2 giving no mass to 
hypersurfaces, and T2 will satisfies Jl]). Clearly, there exists a constant ^ > such 
that for Lp € W*, we have ||iy9||vi/i.2 < We have the proposition: 

Proposition 2.1 The function (p 1-^ 'is a norm on W* and W* is complete with 

respect to this norm. 

Proof. For the first assertion, only the triangular inequality has to be proved. Let tp 
and ip in W*, and T^p and be minimal for the mass in ll}, then: 

id{(p + V') A d{'p + ip) — idip /\ dip + idip /\ dip + i{dip A dip + idip A dip) 

If is zero, ip is constant and the result is clear. Otherwise take c = \J ^m(T\\ ■ -^^ 
Cauchy-Schwarz inequality: 

i{dLp A dtp + idip A dip) < cidip Adip + -idip A dip. 
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Hence: 



id{ip + V) A + ^) < (1 + c)T^ + (1 + -)T^. 



The left-hand side is a positive closed current of mass {y/ m(T^) + ^ m{T^))'^ which 
gives the result. 

For the second assertion, observe that if {ipn)n£N is a Cauchy sequence in W* , it 
is a Cauchy sequence in W^'^ which is complete, so it converges in W^''^ to a function 
ip G W^'^ . For every e > 0, there is an integer N such that for n and m larger than N 
we have id{ipn — ipm) A d{ipn — V'm) < Tn^m where Tn.m is a closed current of mass less 
than e. We let n go to infinity. Since {^pn — i^m)n converges in W^''^ to ■0 — tpm, we 
have that {id{'ipn — fpm) A 9(^„ — tpm))n converges in thus in the sense of currents to 
id{tp — 'ipjn)^d{ip — 'iljm)- And we can extract a subsequence of (T„_m)n which converge 
in the sense of currents to some closed current of mass less than e satisfying ([!]) 
for ip — iprri since a weak limit of positive current is positive. This gives that ip is in 
fact in W* and that (V'm) converges to tp in W*. □ 

The following result is deduced from the previous proof: 

Corollary 2.2 If {(p„) is a bounded sequence in W* converging in W^''^, then its limit 
is in W* . 

We will see in section 12.31 that smooth functions are not dense in W* and natural 
sequences do not converge for this topology. So we will use the following weak conver- 
gence: 

Definition 2.3 Let (/„) be a sequence in W* and f G W* , we write fn ^ f if (fn) 
converges weakly to f in W^'^ and (||/n||*) is a bounded sequence. 

Of course, it is the same to ask for (/„) to converge in the sense of distributions and 
for (II /nil*) to be a bounded sequence, but our definition is more convenient. The 
previous definition is interesting because of the following compactness result: 

Proposition 2.4 Let (/„) be a bounded sequence in W* . Then there exist a sub- 
sequence ifuj) and f e W* such that fn^ /■ Furthermore, we have ||/||* < 
lim inf ||/„J|,. 

Proof. Since (/„) is bounded in W* , it is also bounded in W^ '^. Taking a subsequence, 
we can assume that (/„) converges weakly in W^''^ to / S W^'"^ . Let T„ be a closed 
current satisfying |(T]) of minimal mass for /„. We can assume that (T„) and (idfnAdfn) 
converge in the sense of currents to some Hmits T and 9 with T positive and closed 
and 9 positive. Let ^' be a positive test form of bidegree {k — l,k — 1), we want to 
show that {idf A Bf, < (9,5"), which will conclude the proof since 9 < T. 

By the definition of positive forms: {id{f — /„) A d{f — fn), ^) > 0, we expand: 

{idf A dfn + idfn A df, *> < {idf A Bf, *> + {idfn A Bfn, . 

We have that {{idf A Bfn, ^)) goes to {idf A Bf, ^) because 9/ A 5" has coefficients in 
L^ and {Bfn) has coefficients weakly converging in L^. Similarly {{idfn /\Bf, 5')) goes 
to {idf A Bf, 5"). Letting n ^ oo gives: 

{idf hBf + iBf A Bf, < {idf A Bf, *) + (9, *) 
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which concludes the proof. □ 

Let U be an open set in C*^, U' ^ U, and ip S W*{U). Take x a non negative 
smooth radial function with compact support in C'' such that / x = 1- Define Xei^) ■— 
e~^'^x(2:/e) for e > and put = f * Xe (well defined in U' for e small enough), 
then (fie is smooth. Let (£„) be a sequence decreasing to zero and define (fn = ^e„- It 
is classical that (ifin) converges to ip in W^''^{U'). Let T be such that idip A dip < T 
and let u be a psh potential of T (that is iddv = T), we define Tn = T * Xe„ and 
Vn = V* Xe„ SO that iddvn = Tn- Then (u„) decreases to v and (r„) converges to T in 
the sense of currents. In particular, 

[ T A w'^^i < lim /" T„Acj'^-i< [ Thuj^-^ 
Ju' Ju' Ju 

Using the previous notations, we can now state a regularization lemma: 

Lemma 2.5 1. Let U be an open set in C'^. Then for U' d U, and ip £ W*{U), 
the sequence of smooth functions ((/?„) converges weakly to p in W*{U'). Fur- 
thermore, we have that idpn A dpn <Tn. In particular, we have the inequalities 
\W\\w(U') ^ 1™ llv'nll VF*(c/') ^ W'fiWwiu)- Finally, we can choose the potential 
Vn of the currents Tn so that (w„) decreases to the potential v ofT. 

2. Consider the projective space . Let p> G W*{F''), then there exists a sequence of 
smooth functions (ipn) converging weakly to (p in W*{P'') and lim ||v3n|j* — 

Proof. For the first case, we have seen in the proof of proposition 12 . II that if idLpAd(p < 
and idip Adip <Tjp then: 

^9(^)Aa(^)<(^). 

Approximating Xe„ by a finite sum and using that convexity property, we get idtpn A 
d^n < Tn- The rest follows. 

In the second case, we apply the same argument with an approximation of ip, using 
an approximation of the identity in Aut(P''). The current r„ satisfying idipn A Bipn < 
Tn converges to T (as an average of the composition of T by automorphisms of P'^) 
hence m(r„) = (r„,cj'=-i) ^ (r„,cj^-i) =m(r). So lim ||^„||, = ||^||,. □ 

In the first case, we cannot expect in general the equality lim ||(/3„||^^.(t/') — 
WfWw'iu) since the best current in U' for ip is not necessarily the restriction of the 
best current in U (take a non constant function on U that vanishes on U'). We will 
prove a version of the above result in the case of compact Kahler manifold in section [2~4l 



2.2 Functions in W* and BMO 

For X £ C'^ and T a positive closed (l,l)-current defined on some neighborhood of U, 

let v{T,x,r) := r'^i^-^) /^(^ T A (dd=||z||2)'=-i where B{x,r) is the ball of center x 

and of radius r. We know the quantity v{T, x, r) decreases to the Lelong number of T 
at X when r decreases to (see |Dem97| for details). 

Let U be some bounded open set in M" with a riemannian metric g. Let B be 
a ball contained in U, \B\ its volume and / G L^{U) a real-valued function. We 
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write msif) = ^ /b / the mean value of / in the ball B. By definition, a function 
/ G L^{U) is in BMO{U) (bounded mean oscillation) if there exists a constant C/ 
such that for any ball B{x,r) contained in we have that: 

^/j/-.M/)l<c,. 

We denote by ||/||bmo the infimum of the numbers C/. It is known that ||/||ba/o 
defines a semi-norm and that if / G BM 0{U) then there exists a constant > such 

that e'"-' '^' is in L^{U). More precisely, there exists a constant 6 > that depends only 
on n such that for all h' < VII/llsAfO, e''''^' is in L^{U). In particular / G LP{U) for 
all p < oo |JN61) . Observe that BMO{U) does not depend on the choice of g and that 
we can extend the notion of BMO to manifolds. We have the following proposition: 

Proposition 2.6 Let ip he in W* . Then ip is in BMO, consequently, ip is in for 
all p < CO 

Proof. Recall first that for a function in W^'^(U) where U is an open set of M", and 
for any ball B C U , we have the following Poincare-Sobolev inequality (e.g. |AH96) ): 

^/j.-.-«MI<C^(/j|ci.llf. (2) 

where C is a constant that depends only on n (in our case, n = 2k). Using a covering if 
necessary, we can suppose that we are in an open set of C*^. For (p G W* , T^p satisfying 
idip A 9<y9 < Tip, and B a ball centered at x of radius r, we deduce from Q that: 

^ ^ 1^ - < Cr'~\j^ A {dd^\\zff-') " < C^u{T^,x,r), (3) 

and we know the quantity v{T^p,x, r) decreases to the Lelong number of at x when 
r decreases to 0. With the above notations, for any C'^ < b/\\ip\\^ where 6 is a constant 

that depends only on X, then e'^'^''^' is in L^. □ 

In particular, we see from the proof that if has no positive Lelong number on 
X, then ip is in fact VMO (i.e: the mean oscillation is bounded and goes to zero when 
r goes to zero). We will see that in general functions in W* are not in VMO in the 
case of higher dimension. In dimension 1, any function in W* — W^'"^ is in VMO (it 
is a consequence of the above proof) . 



2.3 Examples, density and duality 

Lipschitz functions are in W* . Furthermore, if 5 : M R is Lipschitz and / is in W* 
then g o f £ W*. In particular we will use the fact that for a G M, max(/, a) is in W* 
with II max(/, a)||* < ||/||* [DS06a) . For / and g smooth functions and e > 0, we let: 



, f + g+Vif-gy + e , .... f + g-Vif-gy + e 

maxe(/,g) := and mme(/,.g):= . 

The functions max^i f,g) and mine(/, 5) are smooth. A straightforward computation 
shows that: 

ia(maxe(/, g)) A 9(max£(/, gj) + id{mme{f, g)) A 9(mine(/, g)) < idf A 9/ + idg A Bg. 
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Letting e go to zero, we deduce that if T/ and Tg satisfy |(T]) for / and g then T/ + Tg 
satisfies llj for max{ f,g) and min(/, g). The last property is local so by density it is 
true for any / and g in W* . We deduce that niax(/, and min(/, g) are in W* with 
the bound: 

l|max(/,g)||2< ||/||2 + ||g||2 and || min(/, < ||/||2 + (4) 

Now, if ^ is a smooth function (even with compact support in the local case) and 
/ e W* , then we do not know ii £,f belongs to W* for A; > 2 in general. This is an 
important difference with the case of Sobolev spaces as partition of unity is a classical 
tool. Still, such rigidity is characteristic of complex analysis. We give now some less 
simple examples. 

Example 1. Let X be either a compact Kahler manifold or a bounded open set in C". 
Let </5 be a quasi plurisubharmonic (qpsh for short) function on X, that is tp is locally 
the sum of a psh function and a smooth function. So, we have idd(p + Cuj > for 
some C > 0. If is bounded (say < </? < 1), then it is in W* because it satisfies 
idipAdif = i/2dd{(p'^) — iipddip and the right-hand side term is bounded by the positive 
closed current i/2dd{ip'^) + Cuj. 

Take now < —1 not necessarily bounded, then the function ip — — log(— (^) is in 
W*. Indeed, since iddtp > —Cu, we have: 



id^p /\dip — 



idip A 



g idd-f idipAd(p 
idd-ip = + — — — . 

We have that idip A dip = idd4> + iddip/ip < iddtp + Cu which is of mass C. 

Example 2. Consider a bounded open set X contained in the unit ball of C" with the 
canonical Kahler form. Let (p be the function defined by (— log|zip)" for a < 1/2. 
Then, cp is in W* since it is in with: 



idip A d(p ■ 



idzi A dzi 



|zi|2(-log|zi|2)2-2a' 

which is closed and in if and only if 2 — 2a > 1. 

Example 3. Consider a Kahler manifold X of dimension 2 with some point € X. 
We consider the blow-up X of X at and we denote hy it : X ^ X the standard 
projection. Let H := 7r~^{0} denote the exceptional fiber. Let / be a smooth function 
on X (hence / € W*{X)) so that / idfA Bj A [H] > 0. Consider a current f of 
minimal mass satisfying ([1]) for /. 

Define / := tt*/ and T := tt^T , then / G W*{X) since idf Adf <T indeed idf A df 
gives no mass to 0. We want to compute the "Lelong number" lim,.^o i9f A df A 

iddlog\\Z\\, where Z — {z,w) is a system of local coordinates. Recall that locally X 
is given as the set of points {{{z,w), [x : y]),zy = wx}. In the chart where x ^ 0, 
we can write X as {((z,mz), [1 : u])}. The projection tt in the {z,u) coordinates is 
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{z, u) 1-^ (z, uz) , and H is given by z = 0. So we have: 

/ idf /\df /\idd\og\\Z\\ = [ idf /\ Bf /\ iddlog\\n{Z)\\ 

= f idfAdfMddl\og{\zmi + \u\^)) 

■/7r-i(B,) ^ 

> / idfAdfAiddlog\z\. 

Jir-1(B,) 

When r goes to 0, the last integral goes to / idf A df A [H] which is positive by our 
assumption. In particular any current satisfying |(T]) for / has a Lelong number at zero. 

I ,2 

For example, take a smooth function f on X given by i^p'^i^a near H. It is smooth 
because it is given by ^^J-^p in the chart where x ^ 0. Its push-forward / is simply 
, which is then in W* . Recall the bound for the mean oscillation of /: 

^/j/-.».(/)l<Cr-(/^r,A.-)'. 

Since / is homogeneous of order zero then msif) does not depend on B, so the function 
1/ — is also homogeneous of order zero hence tob(|/ — = A does not 

depend on B and it is positive as f — mB{f) is not everywhere zero. So / is not VMO. 
And if we apply the last formula to / — /' where /' is smooth, we see that the term 

mBA\f - /' - msM - m > ^bMI - mBM)\ ~ "lB„(|/' - goes to A 

when r ^ 0. So a current Tf^f satisfying id{f — /') A d{f — /') < T/-/' has a Lelong 
number bounded from below by a quantity which does not depend on /', and hence a 
mass that does not depend on /'. The example is easily extended to higher dimension. 
So we proved the important proposition: 

Proposition 2.7 The space W* is not contained in VMO and smooth functions are 
not dense in W* for the strong topology. 

The second assertion is also true for continuous functions in W* for the same reasons. 
We deduce the following fundamental corollary: 

Corollary 2.8 The space W* is not reflexive. 

Proof. Assume it is reflexive. In this case, we consider the function / above with 
support contained in some chart. So we are in the case of lemma [2751 and we take 
a sequence of regularizations (/„). This is a bounded sequence so we can extract a 
weakly (in the dual sense, not in our weak sense) converging sequence. Because it also 
converges in W^'^, its limit is /. But since the weak closure and the strong closure of a 
convex set coincide, the limit / would be in the strong closure of the smooth functions 
in W* which contradict the previous proposition. □ 

Remark 2.9 Our weak topology is weaker than the dual weak topology, but it enjoys 
a compactness property so it is the right one to consider. 

2.4 A density theorem 

We want to prove the (weak) density of smooth functions in W*, the question was 
raised in |DS06a) where the authors advise to follow the arguments of jDSQ4| which is 
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what we do. So let us recall the results of |DS04j we need first. For a compact Kahler 
manifold X of dimension /c, there exist two sequences of positive closed currents {K^) 
and {K~) of bidegree {k,k) on X y. X with coefficients in such that — K~) 
converges to the current of integration on the diagonal oi XxX. A precise description 
of the singularities of implies that for a positive closed current T of any positive 
bidegree, the (positive closed) currents T^{x) := f^^^ K^{x,y) AT{y) satisfy: 

n n 

Moreover, there exists a constant c > independent of T and n such that m(T^) < 
cmiT). 

Furthermore, there exists (5 > such that if T has measure coefficients then 
have coefficients in L^+'', if T has coefficients in then have coefficients in L'^ 
(where g = oo if + (1 + 5)~^ < 1 and + (1 + d)~^ = 1 + otherwise), if T 
has coefficients in L°° then are continuous forms, if T is a continuous form then 

has coefficients. Finally, the currents K"^ are smooth outside the diagonal of 
X X X and satisfy \\K^{.,y)\\Li < A where A is a constant that does not depend on 
n and y. 

In particular, for a function / in L^, let be the sequences defined by /jf = 

lyex fiy)^n{-,y)- Then (/„) := (/+ - f~) converges to / in the sense of distribu- 
tions. Indeed, if / is continuous, the result is clear by weak convergence and one has 
the bound ||/„||li < MIWl^ so /„ ^ / in L^. 

Define := K+ - R- and let (p & W* with as in (J]). Define 



ifn := / (p{y)K.a{.,y), 
Jyex 

which is in L°° since f is in for all g > 1, and ((/?„) converges to ip in the sense 
of distributions. Let tti and n2 denote the canonical projections from X x X to each 
of its factor, then ipn = (tti)* (((7r2)*V5)X„). Since Kn is closed and tp G W^'^, then 
idipn = ini)*{{{'K2)*d(p) A Kn) and id(pn = {tti)* {{{Tr2)*dip) A X„). That is: 



difin = / Kn{x,y) Adip{y) and dipn = / K„{x,y) A dip{y). 
Jyex Jyex 

We make the wedge product of this two terms, it is positive hence real so we can take 
the real part. We obtain a sum of terms of the form: 

Ktix.y) A Kt{x,y') A Re {idpiy) A dip{y')) . 

y.y'ex 

Since the currents are positive, the last integral is less than: 
Kt{x,y) A Kt{x,y') A \{T^{y) +T^[y')). 

y.y'eX ^ 

Since /^^x ^n{x, y) < A, the integral is in turn less than: 

Af Kt{x,y) AT^{y). 
Jyex 
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That integral defines a positive closed current, of mass controlled by the mass of 
and with coefficients in L^^^ . In particular, we have that id^pn A dipn is bounded by a 
positive closed current, of mass controlled by the mass of and coefficients in L^^^ . 
We iterate the process, and we gain regularity until we get functions in controlled 
by a current with coefficients in (the number of iterations does not depend on ip). 
A small perturbation of the current T^p gives the following theorem: 

Theorem 2.10 Let ip € W*{X). Then there exists a sequence of smooth functions 
(ifin) such that ifn ^ in W* . More precisely, there exists a constant Ci that does 
not depend on ip such that ||(pn||* < Cill'PlI*- 



3 Pointwise values 

Let U be an open pseudoconvex set of C'^. The Bedford- Taylor capacity cap^^- (see 
|BT82j ) is defined by: 

ca.pgrp{E) := sup | J {dd''u)''\u psh, < u < l| 

for E C U a Borel set. It is subadditive. A set is of zero capacity if and only if it is 
pluripolar. Recall that a set P is pluripolar in U if there is a psh function v such that 
P C {w = — oo}. And it is complete pluripolar in U if there is a psh function v such 
that P = {v = — oo} 

A priori, a function Lp in W* is defined only almost everywhere. The purpose of 
this section is to show that if is in W* then it is quasi-continuous on any open 
set y (E J7 for the Bedford- Taylor capacity: there exists a representative Lp o{ Lp such 
that Ve > there exists an open set such that cap3'p(J7j) < e and ip restricted to 
V\U^ is continuous. Moreover we show that two such representatives coincide outside 
a pluripolar set. 

We work locally, so let U hea strongly pseudoconvex open set in C*^. Let < x < 1 
be some smooth function with compact support in U . First we prove that can be 
seen as an element of the Dirichlet spaces associated to a class of positive closed 
currents. Then we prove the quasi-continuity. In particular, Lp is defined up to a 
pluripolar set. We will then prove a convergence lemma and a result on the Lebesgue 
set of ip. 



3.1 Embedding in some Dirichlet spaces 

Let 5 be a positive closed current of bidegree (p,_p) for p < fc — 1 in /7 (S* is not 
necessarily of bounded mass). Denote by Hs the completion of the smooth functions 
with compact support in U for the hermitian norm H/Hl := JjjidfAdfASAuj'^^P"^. 
It is a (real) Hilbert space. Let ui,...,Mfc_i be bounded psh functions on U. Our 
purpose is to show that x^* can be embedded in the Dirichlet space Hs when S = 
iddui A ... A idduk-i- Let us stress that it is not clear that the quantity idip A dip A S 
makes sense for ip G W* since one cannot multiply a Radon measure by a form in 
in general. Let U' be an open set of U such that supp(x) ^ U' U. 

Let us recall some basic facts in pluripotential theory. If if is a compact subset 
of U, for a positive current Q of bidegree (q, q), we define the trace measure of Q by 
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Q Aoj'' And its mass on K is: 

||e||K= / eAc^'=-«. 

Jk 

We say that a current S satisfies the Chern-Levine-Nirenberg (CLN for short) inequal- 
ity if for any (1,1) positive closed current T then the positive closed current T A S 
is well defined and if for any K <£ L compact subsets, then there exists a constant 
Ck l s > such that: 

IITA^II;^ <Ca',l,s||T|U. 

If is a positive closed current of bidegree (p,p) and u is a bounded psh function, 
then the current iddu AS:— idd{uS) is a well defined positive closed current. Hence, 
if ui, . . . ,Mi are bounded psh functions, then the current iddui A ... A iddui A S" is 
a well defined positive closed current. Furthermore, li K L are compact subsets, 
then there exists a constant Ck,l > such that the following Chern-Levine-Nirenberg 
inequality holds: 

\\iddui A ... A iddui A S\\k < Ck.l\\ui\\l'>=- ■ ■ ■ ||ui||L- 

In particular, if S satisfies the CLN inequality, so does iddui A ... A iddui A S. Finally, 
recall that if (w„) is a uniformly bounded sequence of smooth psh functions decreasing 
to u, then {iddun A S) converges to iddu A 5 in the sense of currents. We refer the 
reader to Demailly's book on that topic ( |Dem97) pp. 166-172). We have the following 
lemma (similar to theorem 1 in |Oka82j 1: 

Lemma 3.1 Let u he a hounded psh function on U and S a positive closed current of 
hidegree {p,p). Then for f € Hs we have that / is in L'^{S A uj^^^^^ A iddu) with: 

mis--^ I fsAuj''~p-^Aiddu<m\^\\f\\% 

Ju 

Proof Assume first that u is smooth and / is smooth with compact support in C/. 
Denote by the current S'Acj'^^^'^^. We consider the norm |||/||p — Ju f'^iduAduAS . 
Then by Stokes formula: 

Ill/IIP = -2 [ ifdf AuduAS - [ f^uidduAS. 
Ju Ju 

Using the Cauchy-Schwarz inequality: 

Ill/IIP <2||«iuiii/iii ms + \\uu\f\\i,s- 

On the other hand: 

ll/llls = -2 / ifdfAduAS<2\\\f\\\ WfWs. 
Ju 

Using the two last inequalities, we get: 

Ill/IIP <2||u|U|||/||| ||/||5 + 2||ri||oo|||/||| II/II5. 

So, we have |||/||| < lHwHooll/Hs, and so: 

\\f\\ls<m\oo\\f\\s, 

which is what we want. The general case follows by approximation (first of u by a 
decreasing sequence of smooth psh functions then of /) . □ 

We will need the following definition: 
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Definition 3.2 Let S be a positive closed current of bidegree {p—l,p— 1) . We say that 
S is M^*-regular if S satisfies the CLN inequality and if the canonical map </? i-^ XV' 
from W* to Hs which is defined for ip smooth can be extended to W* as a bounded 
linear map which is continuous for the weak topology on W*{U') and for the weak 
Hilbert space topology on Hs- 

Recall that a function is continuous for the weak topology if the image of a weakly 
converging sequence is weakly converging. This notion is interesting here because the 
weak topology we consider on W* is not the usual Banach space one (in the case of the 
weak Banach space topology, being weakly continuous and being strongly continuous 
are equivalent). 

By lemma [2?5l any function Lp in W* is a limit of a sequence of smooth functions 
which converges weakly in W*{U') so the extension is unique. Furthermore, provided 
that the map ip ^ xf is bounded, a diagonal extraction shows that if the image of any 
weakly converging sequence of smooth functions is weakly converging then the image of 
any weakly converging sequence in W* is weakly converging and thus S is VF*-regular. 
The notion of VF*-regularity is interesting because of the following lemma: 

Lemma 3.3 Let S be a W* -regular positive closed current of bidegree ip,p) for p < 
k — 2. Then S A iddu is W* -regular if u is a bounded psh function. 

Proof. Denote S A iddu by S. We know it satisfies the CLN inequality. 

We first check that the canonical application ip ^ xf from W* to Hg is bounded 
for smooth functions. So, let p he a smooth function in W* and a positive closed 
current such that idp hdp <T^. Then, we have: 

||(X</?)I1| < 2 j x^idpAdp AS Auj''~P~^ + 2 J p^idx A dx A S A uj''-p-^ 

The first integral of the right hand side is less than 2 X^TI^ ASA uj'^~p~'^ which is 
bounded by the CLN inequality. For the second integral, observe that, choosing some 
non negative smooth function xi with compact support on U and equal to 1 on the 
support of X, we have that: 

/ p^idxAdxAS Auj''-P-^ <C [ {xip>fiddu A S A uj'^-p-^ , 

JU JU 

for C large enough depending on x- Since S is W^*-regular, so is 5 A lo^^"^ and we can 
apply lemma [3A] to / = XW- Combining the two estimates, we get: 

\\{xv)\\s < MW\\w'(u'): 
where Ai is a constant that depends only on S and u. 

Now, we prove the continuity. Let / be a smooth form with compact support in 
U and {pn) a sequence in W* weakly converging in W*{U'). Smooth functions with 
compact support in U are dense in Hg by definition. So in order to show that (xfn) is 
weakly converging in i/g, it is enough to check that {{x^n, .f) §) converges to a value 
(5j /)s where g £ does not depend on /. 

Since / is smooth, there is a C > such that iddf + Cuj > 0. Define 5*1 :— 
S A (iddf + Cui) and S2 — S A Cuj, it is clear that Si and 5*2 are Ty*-regular. Choose 
some non negative smooth function xi with compact support on U' and equal to 1 on 
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the support of x- Since u is a bounded psh function, it belongs to W* , so xiu defines 
an element of Hs' for S' M^*-regular. We claim that: 

Indeed, if u is smooth, it is clear by Stokes formula and the general case follows by 
density since Si and S2 are VF*-regular. The right-hand side shows that {{xVnT f)s) 
converges to the well defined value ~ {xViXi^) S2 (indeed, and S2 are 

T4^*-regular). By Cauchy-Schwarz inequality and the above bound on the norm of X(y9„, 
we have that \{xVm f)g\ < ^2||</5„||^4/.([//')||/|||; (where A2 = a/Ai > is a constant 
that does not depend on {(fn) and /). So the mapping / 1-^ lim„_^oo i{xVn, f)g defines 
a continuous linear form on Hg. By Riesz theorem, {xfn) converges weakly in Hg to 
an element that does not depend on the choice of the sequence (</?„). We still denote 
by XV that element and we have the bound Hxtplls ^ ^2 lim„^oo II '/5„|jvi/* ((/')• Finally, 
choosing for {ipn) the sequence in lemma [275} we get that Hx'/'llg ^ A2||¥'||vi'*((7)- That 
completes the proof. □ 

In particular, by induction, we get that any S — iddui A ... A idduk-i with 
Ml, . . . , Uk-i bounded psh functions on U is 14^*-regular. And the above proof show 
that there exists a constant A that only depends on the L°° norm of each ui such that 
llx'/'lls < ^ll'/'IU- In uniformly convex spaces and thus in Hilbert spaces, there is the 
classical theorem that will be of use: 

Theorem 3.4 Let A be a uniformly convex Banach space and let (a„) be a sequence 
in A weakly converging to a. Then there is a subsequence {ani)i, such that the sequence 
(i '^rii )j converges strongly to a. 

In particular, for a Vl^*-regular current S, we can find a sequence {(pn) converging 
weakly in W* and strongly in Hs to ip, of course this sequence depends on S in 
general. We can assume that this sequence is smooth. Finally, we have proved the 
following theorem: 

Theorem 3.5 Let S = {idduY~^ where u is a bounded psh function on U . Then S 
is W* -regular. Consequently for (p in W* , then XV in L'^{{iddu)^) and there is a 
constant A that depends only on the L°° norm of u such that \\xv\\s < ^II'pII*- 

Finally, for any sequence {(fin) converging weakly in W* , there is a subsequence 
{ipni)i such that the Cesaro mean (x j X]f=i )i converges strongly in Hs- 

Following the results of the appendix, we can now define the functional capacity cap^ 
for S in theorem 13.51 In particular, the element of Hs are well-defined up to a set of 
S'-capacity zero. In particular, for ip in W* , the element x'V of Hs admits a quasi- 
continuous representative for the capacity cap^. This will be useful since we now by 
|FQ84| and |F087| that if a set is of S'-capacity equal to zero for all S above, then it 
is pluripolar. A difficulty is that the quasi-continuous representative depends a priori 
on S since the converging sequence depends on S. 

Remark 3.6 The distribution iddip A S :— f i—> —{f,Lp)s on V C supp{x) is well 
defined and of order 1. By Stokes formula, it coincides with the usual definition if tp 
is smooth. Furthermore, if ipn ^ f then iddipn A S ^ iddip A S. 
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3.2 Quasi-continuity 

Now we want to prove that the functions in W* are quasi-continuous for the Bedford- 
Taylor capacity. Recall that U is strongly pseudoconvex so [/ = {V' < O} where if) is 
a smooth strictly psh function on a neighborhood of U. We will use the intermediate 
space consisting of function tp in W* such that there is a current with bounded 
potential such that id(f A dip < T^. Recall that a psh function w is a potential of a 
positive closed current T of bidegree (1,1) if iddv = T. We put on the norm 
:— ||<y5|||2 + inf{||u<^||Loo I potential of T^}. All the results of section 1 are still 
true for W^: it is a Banach space, and the weak convergence defined as for W* enjoys 
the same compactness property. 

Lemma 3.7 Let ip € n L°° .Then is in £ n and if ipn ^ f in W'^ 
then x^n XV in . 

Furthermore, there exist sequences of smooth functions with xfn XV with 
T and Tn satisfying id{xp) A d{x'p) < T and id^xfn) A 9(x<y9n) < Tn such that the 
bounded potentials u„ for Tn are decreasing to the bounded potential v for T. 

Proof. Let ip as above, and T^p be such idip A dip < T^. We have the bounds: 

id{xv) f\ d{x'v) < 2ix^dLp Adip + 2i\Lp\^dx Adx 

where Ci and C2 are positive constants that depend only on x- That gives the first 
part of the lemma. 

Now we take T = CiT^ + C2\\'p\\L°°i^ and {(pn) as in lemma [231 which gives the 
second part part of the lemma. □ 

So for (fi in W^nL°°, we consider a sequence ((/?„) as in the above lemma. Observe that 
taking a subsequence or a Cesaro mean do not change the fact that the potentials are 
decreasing (that is simply because a subsequence and a Cesaro mean of a decreasing 
sequence are still decreasing). We let u be a psh function on U with < u < 1, and 
fn 8i,s in the above lemma. We will need the following lemma: 

Lemma 3.8 With the notations of lemma{3^ for all j < k, there exists C > which 
depends only on tp such that: 

\XV - XVn?{idduf <C{J^ \XV - XVn\'{T + TnY A {zddu)''-^)^ . 

Proof. Since we assume that u and the potentials of T and T„ are bounded, the 
previous integrals make sense by lemma [STTl (£lp — £(p„ is in L'^{{T + Tny A [iddu)^^^) 
for j > 0). We prove the claim of the lemma by induction on j. For j — Q there is 
nothing to prove, so assume the claim holds for j. The Stokes formula implies: 

/ \XV - XVn?{T + TnY A [idduf-^ = 
Ju 

-2 / [xv - XVn)id{xV - xVn) AduA{T + T^y A iiddu)'''^-\ 
Ju 



14 



and by Cauchy-Schwarz inequality and the fact that id{xv — Xfn) A d{x^ — XVn) ^ 
2(T + Tn), it is bounded by: 

idu A 9m A (T + r„)^' A (ia^u)''"^"^ 



'S«pp(x) 

The last term of the product is less than to 2'^ Isuppix) idd{u'^)/\{T+Tny A{iddu)''-^-^ 
since iduAdu < i2~^dd{v?) since m > (expand the right-hand side of the inequality). 
And that quantity is bounded by a constant independent of u by the CLN inequality. 
That prove the claim for j + 1. □ 

We now prove the following lemma which is the key point for the proof of the 
quasi-continuity. 

Lemma 3.9 Let Lp G n L°° . Then there exists a sequence of smooth functions 
(fin ^ (f in n L°° such that for any psh function < u < 1 on U , we have: 

where the convergence is uniform in u. 

Proof. We apply the previous lemma for j = k and for ((/3„) in lemma lSTZl Proving that 
Ju Ixf ~ XVn\'^{T + Tn)^ goes to zero will give the lemma. We expand in the integral 
and we obtain terms of the form Jjj \xv — x'-Pn\^T''~^ A T^. We prove by induction on 
j that we can find a sequence ipn ^ "-P such that the integrals J^\x'-p — x<y3„pr'^~' A 
goes to zero for I < j. Theorem 13.51 applied to S = T'^"^ gives for j = 0, that possibly 
after taking a subsequence and a Cesaro mean, the integral Jij\x'P~ X^nl'^T'^ goes to 
zero. Assume the claim hold for j — 1, so we have a sequence ipn ^ f such that the 
integrals Jjj \x(p— Xfn\'^T'^~'' AT^ goes to zero for I < j — 1. We write T„ = T + Tn — T 
Ju l^"*^ ~ X'Pnl^T''^^ A Ti, so we get the sum: 

' - xvn^T^^' A (r„ - T) A rr 1 + / \xip- xvn?T^~'+' A n-\ 



The second term of the right-hand side goes to zero by the claim for j — 1. Recall that 
we call V and the potentials of T and r„. Observe that by Stokes formula: 



\XV - XVnfT''-' A (T„ - T) A = 

u 

-2 / ixif - XVn)id{xV - xVn) A d{v - vr,) A T^~^ A Tl-\ 
Ju 

Once again, using Cauchy-Schwarz inequality, we can bound the last term by: 

r — r - 

2( y^|x^-X^n|'2(r„+r)Ar'=--'ATr')'( j^id[vn-v)Ad(v^-v)AT''-^ AT^-^y . 

The first term is bounded by lemma 13.51 For the second one, observe that by a 
standard argument of max construction, we can assume that there exists a constant 
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B depending only on the L°° norm of the psh function v such that the functions v 
and Vn coincide with Bip in a neighborhood W of dU that does not depend on n (e.g. 
|Dem97) p. 170). So, by Stokes formula, the second term is equal to: 



That term is equal to — Xii^n — v){Tn — T) A T'^^^ A T^^^ for xi a non negative 
smooth function with compact support on U and equal to 1 on U\W . And since the w„ 
are uniformly bounded and decreasing to w, we know that {vn — v){Tn—T)/\T''~^ATi~^ 
converges to in the sense of currents by theorem 3.7 in |Dem97) p-170. That gives 
the claim. The result follows for j = k. □ 

We want to define functions in W* up to a pluripolar set, that is we want to find a 
representative of ip in W* defined up to a pluripolar set. Such a definition would not 
be of much interest if two such representatives differ on a set bigger than pluripolar. 
In order to prove that the definition of the representative is meaningful, we will need 
the notion of pluri-fine topology. Recall that the pluri-fine topology is the coarsest 
topology for which the psh functions are continuous (pluri-finely and pluri-fine will 
refer to this topology). This topology is strictly finer than the usual topology. By 
definition, complete pluripolar sets are pluri-finely closed. For a Borel set E, we have 
that cap^rp(E) = Jjj{dd''vE)^ where ve is the extremal function associated to E. It is 
defined by ve = (sup {u, u psh on U, u — —1 on E, u <0 on U])* where /* denotes 
the upper semi continuous regularization of a function /. The function ve is psh, non 
positive and equal to —1 on apart from a pluripolar set |BT82j . Let E C U he 

a Borel set, and denote by E its pluri-fine closure. Then cap^'j^(i?) = ca.pgrp{E ) 
because the extremal function of E and E are equal by definition. 

Proposition 3.10 Let f be a function which is quasi- continuous for the Bedford- 
Taylor capacity. Then it is pluri-finely continuous outside a pluripolar set. 

Proof. Take / as above. By definition, for all n > 1, there exists an open set Vn'mU oi 
capacity less than such that / is quasi-continuous on U\Vn. Considering r\j<nVj, 
we can assume that the sequence (Ki) is decreasing. By restriction, / is continuous on 

the pluri-open set U\Vn and we know from above that cap5y(Ki ) < . Consider 
the set P :— HnVn'^ , it is pluripolar because its capacity is equal to zero (it is less 
than for all n). Then, the function / is pluri-finely continuous on its complement 

because for x ^ P, then x is in the pluri-finely open set U\Vn for some n and it is 
continuous there. □ 

Proposition 3.11 Let f be a function pluri-finely continuous outside a pluripolar set 
and vanishing almost everywhere, then it vanishes outside a pluripolar set. In partic- 
ular, two quasi-continuous representatives of a function are equal outside a pluripolar 
set. 

Proof. Let / be as above. Observe that pluri-finely open sets are either of positive 
Lebesgue measure or empty. Indeed, we only have to check that u~^{{x > c}) is of 
positive Lebesque measure or empty for u psh and c S K. That is the case by the 
mean value inequality. In particular, the pluri-finely open set {/ ^ 0} is empty. The 
rest of the proposition follows. □ 

We can now prove the quasi-continuity result. 
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Theorem 3.12 Let ip £ W* then there exists a representative of ip which is quasi- 
continuous for the Bedford- Taylor. In particular, this representative is pluri-finely 
continuous outside a pluripolar set and two such representatives coincide outside a 
pluripolar set. 

Proof. Consider an increasing sequence of open sets Vi <s U with UiVi — U. Assume 
that for all i we can find a representative (p^ of (p that is quasi-continuous on Vi . Since 
ip' is quasi-continuous on Vi for j > i, we can remove a countable union of pluripolar 
sets on which the different representatives do not coincide. That way, we can take a 
representative ip which is quasi-continuous on all Vi. Then for e > 0, <^ is continuous 
on Vi\Gi where cap^rp^Gi) < e2~\ So Ip is continuous outside G = UGi. Since cap^-p 
is subadditive, we have cap5y(G) < e. Thus ip is quasi-continuous on U. So it is 
sufficient to prove that p> admits a representative that is quasi-continuous on a open 
set V with V U. Choose a smooth function x with compact support in U so that 
V(l{x=l}. 

We prove that XV is quasi-continuous on U. The proof is in three steps. First we 
assume that p € n L°°, then we extend the result to functions in W* n L°° and 
finally we prove the general case. 

Step 1. By lemma [321 we choose {pn) smooth, weakly converging to p £ L°° 
such that \xp — X'Pn\'^ {iddu)^ goes to zero uniformly in u. For a > 0, the sets 
En := {\pn — p\ > oi} satisfies: 

caPBriEn) <s,up^\- / \xp - XVn\'^ (iddu)'' , u psh, < w < l|, 
tt'^ la Jjj J 

since irdd'^ = idd. Hence the sequence [cap Qj^{En)) goes to zero. Taking a subse- 
quence, we can assume that the sequence {pn) satisfies c'A\)grj.[{\pn — p\> 2~"~^}) < 
2-n-i_ YlniX'^n+i—XVnj+X'-Pi convcrgcs uniformly outside the open set U„>j{|(^„ — 
'/'n+il > 2^"}, which is of BT-capacity less than 2^~^ (recall that the BT-capacity is 
subadditive). That gives the first step. 

Step 2. Now, let p £ W* n so there exists a psh function v < such that 
idp A Bp < iddv. In order to simplify the notations, assume < 1- For iV > 0, 

let vn ■— sup(u, —N) and pN = N~^{N + vn)p (that way, pN is equal to zero where 
V < —N). We want to show that pN is in L°°. Assume first that p and v are 
smooth. We have the bound: 

idpN A dpN < 2ii^{ — - — yOip Adp+ \p\'d{ — A a( — • 

By definition of p, we have (1 -I- /N^idp A Bp < {1 + vn /N^idBv and we have 
(1 -f- Vn /N^idBv < idBvN. Indeed, it is immediate on the open sets {v > —N} and 
the interior of {v < —N} and since the left-hand side is a continuous current, it does 
not give mass to d{v < —N} so the inequality holds in the sense of currents. It implies 
that: ^ 

idpN A BpN < 2idBvN + -rp^idviq A Bvn- 

Now 2idvN A Bvm < idB{v]y + iV)^, so pN is in n L°° with a control of the norm 
depending only on N. More precisely, we have the bound ||v3Ar|lL°° < 1 and the current 
satisfying (HJ for pjy has a potential taking values in [—2N, 2]. Taking a weak limit as 
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in lemma \377\ we deduce that tpN '^s always in n L°° for ip in W* L°°. 
That defines a sequence (ipn) in L°° which converges weakly to ip in W* n L°° . 
Let Eoo = {v = —00} and for each n S N, let P„ be the set of points where a fixed 
quasi-continuous representant ^„ of ipn is not defined. Let P :— Eoo U (U„P„) so P 
is pluripolar. Let x ^ P. Then for N large enough, we have that x € {v > —N}, so 
extend the definition (which we know stands a priori almost everywhere) of at a: by: 

It is crucial here that p{x) does not depend on the choice of N. That is the case 
because if iV > A^' then the function: 



N ^ N' 

N 

is well defined and equal to: 



which is pluri-finely continuous outside a pluripolar set as product and sum of functions 
pluri-finely continuous there. It vanishes almost everywhere so it vanishes outside a 
pluripolar set by proposition 13.111 So removing a countable union of pluripolar sets if 
necessary, we can define (p quasi-everywhere. 

Now, for £ > 0, take large enough so that cap5y{t; < —N} < e (see |BT82| '). 
On {v > —N} is given by a function which is quasi-continuous. That gives the 
result for step 2. 



Step 3. Let now he ip G W*, it is sufficient to assume that (p > since we can write 
(p = ip'^ -(p~. Let TV € N, we define ipN by pn{x) = mi{(p,N) so ipN € W*nL°° . By 
Step 2, we know that ipN is quasi-continuous, hence it is defined up to a pluripolar set 
(we make the identification between ipN and one of its quasi-continuous representative). 
Let j > 0, we remark that ipjq{x) — \ai{pN+j{x),N) for almost every a;, so it is true 
outside a pluripolar set by proposition 13.111 As before, let P be the pluripolar set 
consisting of all the points where the different functions ipM are not well defined and 
where the equalities ipn{x) = mi{ipN+j{x), N) do not hold. Let x ^ P, we have 
that {(Pn{x))n is an increasing sequence constant for N large enough, so we defined 
(p{x) = \imN pn{x). Let := {{ip > N}UP)r]supp{x)- Let xi be a smooth function 
with compact support in U such that supp{x) <s {xi = !}• Then cap5y(PAr) — > 
since for < u < 1 a psh function: 

/ {idduf < f {^)\^^^uf, 
jfn Ju 

and we can conclude by lemma [3?T] and theorem 13.51 

So x<y3 is quasi-continuous on U\Fpf. Indeed, for £ > 0, take N so that ca.pgq^{FN) < 
e and take an open set Un mV such that Fjq C Un with cap5jn(?7„) < 2£ (this is pos- 
sible because the Bedford- Taylor capacity is outer regular). Outside Un, Xf — XV n 
which is quasi-continuous. That concludes the proof. □ 



Since we can take representatives defined up to a pluripolar set, from now on, (p 
will denote a quasi-continuous representative of (p for the BT-capacity. Recall that 
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a function in Hs also admits a quasi-continuous representative for the capacity capg 
and if E satisfy cap57-(-E) — then cap5(i?) — (see |F084) ). So it is natural to ask 
if x'f is also a quasi-continuous representative of x'f G Hs for all S as in theorem 13.51 

Lemma 3.13 Let S he as in theorem \3.5[ Let (p denote a representative of an element 
ofW* quasi-continuous on U. Then ^^so quasi- continuous for the capacity capg. 

Proof We follow each step of the previous proof and we check at each step that the 
quasi-continuous representative for the BT-capacity we defined is also quasi-continuous 
for the S'-capacity. 

The lemma holds for / G n L°° by theorem 13.51 Indeed, we can take a 
subsequence and a Cesaro mean of the sequence [ipn) of smooth functions converging 
to if so that it is strongly converging to in Hs- That gives the result by lemma ETol 

Now, for Lp £ W* n L°°, by construction of the quasi-continuous representative for 
the Bedford- Taylor capacity, it is sufEcicent to check that ca.pg{{v < —N}) for v. 
This is true since, taking — \og{—v) if necessary we can assume that v is in W* (see 
the first example of section 12. 3p and then by theorem 13.51 



And finally, for tp G W*, it is sufficient to check that ca.pg{{xp > N}) — > which is 
clear by theorem 13.51 since: 



That concludes the proof. □ 

We can now prove the following result on pointwise convergence which will be useful 
in proving continuity result for the capacity. It can be seen as a weak version of lemma 



Lemma 3.14 Let (</?„)„ be a sequence in W* weakly converging to ip in W* . Let 
a € M and let A be a Borel set such that each pn is equal to a on A\Hn where Hn is 
a pluripolar set. Then p is equal to a on A\H where H is a pluripolar set. 

Proof. The result is local so we only prove it on F d ?7 with x as above. We choose 
S as in theorem 13.51 Extracting and using a Cesaro mean, we can assume that the 
sequence (xfn) is strongly converging on Hs- So we can extract a sequence converging 
outside a set of S'-capacity zero by lemma EH Thus, by lemma ISTTSl the result is true 
on A minus a set of S-capacity equal to zero for all S. By [F084) . we know that such 
sets are exactly pluripolar sets. □ 

Now, for p e W* , we want to estimate the size of its Lebesgue set. Recall that 
the Lebesgue set of a function is defined as the set of points where the mean value is 
converging. Let W he a pluri-fine neighborhood of a; € ^ and ^ a psh function in V 
with ip{x) — oo, then it is an easy exercise that: 



capsiiv < ~N}) < ^ ^a(^) A d{^) AS< {^\\v\Uf. 



caps{{xv > N}) < 1^ zd{^) A a(^) A S < (^||^|U)'- 



EH 
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when r goes to zero (e.g. |Bre59) p. 79). In particular, a function tp G W* which is pluri- 
finely continuous at x such that there are psh functions ipi and ip2 with ipi < < —'ip2 
on V satisfies rnB(^x j.){f) ~^ f{x) for all x such that '4>i{x) and 'il^2(x) are finite. So we 
have the nice corollary: 

Corollary 3.15 If a function f in W* is bounded, then the complement of its Lebesgue 
set is pluripolar. 

In order to extend this result to unbounded functions, the only thing left in our ap- 
proach is to show that every function in W* can be locally bounded by two psh 
functions. 



4 Functional capacity 

From now on, X is a compact Kahler manifold, this case was our primary motivation 
in this work. We will explain in remark [TSl how to extend the result in the local case. 
We deduce from the above section that an element Lp in W* admits a quasi-continuous 
representative for the Bedford- Taylor capacity that we will still denote by ip. Recall 
that a function is said to be quasi-psh (qpsh for short) if it is locally the sum of a 
psh function and a smooth function, so it satifies iddu + Coj > for some C. The 
Bedford- Taylor capacity can be generahzed to compact Kahler manifold by: 

cap^(£') = sup I J {iddu + u;)*''| u qpsh, iddu + u) >0, 0<u<l|. 

We will use some of the results of [GZ05] in this section, and we refer the reader to 
|Dem92) . |DSQ6b| and [GZ05J for basics on qpsh functions. In particular, the capacity 
cap;^ is comparable with cap^^ = J2 caPsr.t/i {EfMfi) where {Ui)i<M is a finite cover- 
ing of X by pseudoconvex open sets and cap^y [/. denotes the Bedford- Taylor capacity 
of Ui (i.e. there is a ^4 > with (1/A)cap^y < cap^ < ^cap^^). An important fact 
is that the family {u qpsh| iddu + a; > and u < 0} is compact for the norm. A 
set is globally pluripolar if it is contained in the set {v — — oo} for some v qpsh on X. 
It turns out that locally pluripolar sets are in fact globally pluripolar [GZ05j, so we 
will simply speak of pluripolar sets. 



We will need an equivalent of Alexander capacity ( |Ale81j . see also |SW80j ) for 
compact Kahler manifolds which was introduced in |DS06bj and developped in |GZ05j . 
For an open set U, we consider the function: 



Vu.ujix) := sup 



|m(x) qpsh I 



iddu + u > and u = on U] 



Then Vu^^^ is in fact qpsh, positive, zero on U and satisfies iddu + uj > 0. Then we 
define the capacity of an open set by: 



T 



,{U) := cxp - sup{Vu^^)^ 



The following estimate was proven in the local case in |AT84j and the same argument 
gives: 

Theorem 4.1 There is a A > such that for any open set U of X: 



exp 



A 



cap^([/) 



<T^{U) < e.exp 



1 



cap„ ([/)<= 
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Now, we want to introduce a functional capacity similar to the classical one (see the 
appendix or (FZ73j). For a Borel set E in X, we define the set L{E) of W* by 



L{E) := G W* , Lp < —1 a.e on some neighborhood of E, ip < on X 

We define the capacity C{E) of E by: 

CiE) := M [mI\ ^ e LiE)] 

For a capacity c, let c* be the inner capacity associated to c defined by c^{E) :— 
sup {^c{K), K compact, A' C E'} and c* the outer capacity associated to c defined by 
c*{E) := sup {c(C/), U open, E <zU^. The capacity is said to be inner regular if c = c* 
and outer regular if c* = c, finally a capacity is regular if it is both inner and outer 
regular. By definition, the capacity C is outer regular. Since || max((y3, — 1)||* < 
it is equivalent to take functions equal to —1 on some neighborhood of E. We have 
the following properties: 

Proposition 4.2 The capacity C satisfies that: 

1. for E CF C X, C{E) < C{F), 

2. for {Ei)i a sequence of Borel sets in X, C{UiEi) < '^j^C{Ei) , 

3. for any E, one has C{E) < 1. 

4- for (Kn) a decreasing sequence of compact sets, lim C(-fi'„) — > C{nKi) 

Proof. The first item and the fourth item are clear. 

For the second one take {Ei)i a sequence of Borel sets in X and assume the sum 
^jC(i?i) converges or there is nothing to prove. For each i let ipi be an element in 
L{Ei) with C{Ei) > W'PiWl — 2^*e and /i„ = infi<„ fi. The sequence /i„ is decreasing. 
Recall by formula (0]) in section [231 that \\hn\\l < J2i<n W'pW* we have the bound: 

\\hJl<J2ciE'^) + ^- 

i 

Taking a weak limit gives that h := lim/i„ is in W* with \\h\\1 < J2i C{Ei) + e. Since 
h e L{UiEi) and e is arbitrary, the assertion follows. 
The item 3 is obtained for ip := 1 G L{E). □ 

We now state one of our main result that shows that the capacity C characterizes 
pluripolar sets. 

Theorem 4.3 There exists a constant B > such that for all Borel set E, we have 
cap,^{E) < BC{E). In particular, C{E) = if and only if E is pluripolar. 

Proof. The first assertion is a restating of the results of theorem 13.51 We deduce that 
C{E) — implies that E is pluripolar because its BT-capacity is zero. Now, let E 
be a pluripolar set in X so there exists a qpsh function in X with E C ip~^{—oo). 
Subtracting a constant if necessary, we can consider ip = — \og{—ip) which is in W* 
with the same poles set as (p (see the first example of section [273]) . Since is upper 
semi continuous and non positive, taking —Tp/N for N large enough, gives C{E) < e 
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for any e > 0. The proposition follows. □ 



The previous result is a generalization of the case of Riemann surfaces where polar 
sets are sets of capacity equal to zero. The following proposition shows that cap^^ and 
C defines equivalent capacities. 

Proposition 4.4 There exists a continuous function g : M"'" M"'" with g{0) = such 
that C < 5(cap^). So functions in W* are quasi- continuous for the functional capacity 
C. 

Proof. Consider an open set U such that cap^(?7) < e for e small. We know that the 
function fu :— {Vu,i^ ~ maxx Vjj.u) / "^s^xx Vu.u is equal to —1 on U with — 1 < /(7 < 
and iddfu + \\Vif^uj\\^t^ > and we have: 

idfu^Bfu = -fu^ddfu + liddifl,) 

< iddfu + + 

maxx Vu^u 2 

The right-hand side is a positive closed current of mass (maxx Vu.u)^^ ■ By theorem 
14. 1^ it goes to zero with e. Since the set {u qpsh| iddu + > and m < 0} is compact 
for the norm, we also have that H/c/lli go^s to zero with e. That gives the propo- 
sition since if (f7„) is a sequence of open set with capj^(?7„) then C{Un) ^ 0. □ 

We now want to show the crucial property C{\JEi) — lim C(i?i) for Ei an increasing 
sequence of Borel sets. So C is a Choquet capacity. This is interesting because Choquet 
capacities are regular (see }Cho55| . theorem 1). For this, we will need an alternative 
description of the capacity C that uses the fact that the elements of W* are defined 
up to a pluripolar set. 

Theorem 4.5 For a Borel set E, we have that 

C{E) — inf |||<p||^, < 0, <y9 < — 1 on E\H^, pluripolar^. 
In particular, if Ei is an increasing sequence of Borel sets, then: 

C{\JEi) = limC (£;,). 

Thus C is a Choquet capacity. 

Proof. For a Borel subset E, we denote by C'{E) the quantity: 

C'{E) :== inf ip<0, < -1 on E\H^, pluripolar}. 

Clearly, we have C'{E) < C{E) so we only need to prove the other inequality. For 
that, let ip G W* be a non positive function, less than —1 on E\H where 77 is a 
pluripolar set, such that \\(p\\l < C'{E) + Si. We want to slightly modify (p so that 
it is in L{E). Adding e-ip, with e small, where V' is a qpsh function equal to — oo on 
H and taking max((p -I- eip, —1) we can assume that H — 0. Now, let £2 > be such 
that (f is continuous on the complement of some open set U with C{U) < £2- Let ipu 
be in L{U) with Hy't/ll* < 2£2. Now, we consider ip' := (1 4- a)mm{ip,(pij) for a > 0. 
We have that ip < — 1/(1 + 0;) on some open neighborhood W of E\U in the induced 
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topology of X\U (that is W — W'\U where W is an open set of X). So if' is less 
than —1 on the open setV = UU W, so it is less than —1 on some neighborhood of E. 
We let a, £i, and 62 go to zero, and we deduce that C{E) — C'{E). That concludes 
the first assertion. 

For the second assertion, we show that C{\JEi) < limC(£'i) (the other inequality is a 
consequence of the first item of proposition 14. 2p . For each i, let (pi < 0, with (pi = —I 
on E\H^p. where H^p. is pluripolar, such that WfiWl < C{Ei) + Since C < 1, the 
sequence {ipi) is bounded in W* and we can extract a subsequence weakly converging 
in W* . We apply lemma [SUl] for a = — 1 and A = Ei, we obtain that the limit (/? is 
equal to —1 on each Ei (apart from some pluripolar set) and < lim That 
gives the proposition. □ 

We also have the following description of C: 

Corollary 4.6 For all Borel set E, there exists an element < equal to ~1 on 
E\H where H is pluripolar with \\ue\\1 = C{E). 

Proof. Take (m„) a sequence in L{E) with C{E) and apply lemma [STTH to 



Remark 4.7 It is not clear if such an extremal function is unique. It would also be 
interesting to know if the extremal function is qpsh or semi-continuous. 

Remark 4.8 In the local case, we can in the same way define the capacity C . We 
show in the same way that it is a Choquet capacity for which the sets of zero capacity 
are exactly the pluripolar sets. The only difference is that we do not have that C and 
capsT are comparable. But by | AT84j . we can prove that they are locally comparable 
(it is the same argument as the one in the proof of proposition I4.4p . In particular, 
the functions in W* are locally quasi-continuous and the argument at the beginning 
of the proof of theorem 13.121 shows that if a function is locally quasi-continuous for a 
subadditive capacity then it is quasi-continuous. In particular, the elements of W* are 
quasi-continous for the functional capacity C which is a Choquet capacity. 

Now, we consider the set Moo of positive Radon measures bounded for the norm ||.||» 
on the space of smooth functions. That is ^ € Moo if ^ is a positive Radon measure 
such that there exists a constant A such that | / /d/xj < ^||/||* for all / smooth. We 
put on Moo the operator norm ||.||' (that is the infimum of the A above). 
Let i? be a Borel set, we define the capacity: 



Observe that this set function defines an inner capacity. Recall the notation L{E) — 
{(y3 e W* , f> < a.e on some neighborhood of i?, ip < Q on X}. We have the 
following proposition: 

Proposition 4.9 Let E he a Borel subset of X , then: 



E. □ 




cap'iE) < C{E). 
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Proof. It is sufficient to prove the inequality for E compact. For any /i £ M^o with 
||/i||' < 1 and / in L{E), we define (/i, /) := / fd^. Since fiisa positive Radon measure 
and E is compact, we know that: 



By definition, for ^ € Moo and / G L{E), we have < (/x, — /) < ||/||*. So we deduce 
from the previous inequality that n{E)^ < C{E). Taking the supremum over all the 
measures /i in Moo with ||^||' < 1 gives the result. □ 

Remark 4.10 For Sobolev spaces, the functional capacity and its dual capacity co- 
incide |AH96) . It would be interesting to know if it is true here (this question is likely 
linked to the study oi ue)- 

Proposition 4.11 Let fi G Moo, then /i does not charge pluripolar sets. For a Borel 
set E, cap'(i?) = if and only if E is pluripolar. 

Proof. The first part is already in |DS06a| the second one follows from above. □ 

A Dirichlet space for a positive closed current 

The results in this appendix are adaptated from |Den65j and |Qka82) . 
A.l General setting 

Let J7 be a bounded open subset of C'' with smooth boundary. Let S* be a positive 
closed current of bidimension (1,1) (we do not assume that S is of finite mass). We 
consider the quotient of the space of smooth forms by the kernel of the nonnegative 
bihnear form (w, v)s '■= Re iduAdv A S. Let Hs be the completion of that quotient 
for the corresponding norm \\.\\s- It is a Hilbert space. Define by /i := j9(9|jz|p A S 
the trace measure of S. 

By lemma [STTl and the Cauchy-Schwarz inequality, there is a continuous inclusion 
from Hs into L^{n) hence from Hs into L\^^{ijl) (for V <^ U , then ip ^ tp from 
Hsiy) i^(^) is continuous). Let E dU he a Borel set. Define: 



/i(i?) =inf{(^,-/), feL{E)] 




< — 1 a.e on a neighborhood of E 



We define the capacity capg(i?) by: 




if C{E) is non empty, else we defined cap5(iJ) := +cx). 



Proposition A.l The following assertions hold: 



1. For E CF, ca.p s{E) < ca.pg{F). 



2. For [Ei) a sequence of Borel subsets of U , 



capsi^E,) < ^capsiEt). 
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3. For (Ki) a decreasing sequence of compacts, 

\im cap g{Ki) — ca.pg{r]Ki). 

4- For El (Z E2 C ■ ■ ■ an increasing sequence of Borel subsets of U , 

capg(Ui?i) = lim capg{Ei). 

i — >oo 

Thus caps defines a Choquet capacity. 

Proof. The first and third assertions are clear. For the second assertion, we can restrict 
ourselves to the case where J^'^^Psi^i) bounded. For all i, let ipi be in £.{E) such 
that capg{Ei) > ~ 2~'e. Define ipn infi<„ tpi, then we have that 

ll^nlll < ^ ll^dll < ^cap5(i?0 + £. 

i<n i 

It is the same argument as in the proof of formula (0]) in section 12.31 we prove the 
inequality |j infi<„ (/'ills ^ J2i<n II'/'* III fo'" smooth functions using a regularization of 
the functions max and min and we extend it to Hs next. Taking a weakly converging 
subsequence in Hs, we have a non positive function ^p € Hs less than —1 in a neigh- 
borhood of Uii^i with IIV'lll < J^i'^^Psi^i) +£■ 

There are several proofs for the fourth assertion. We follow the one in jFZ73| . It 
relies on a geometric property of the norm ||.|js that does not exist for W* . Namely, 
following the proof of formula |[4]) in section 12.31 we have for u and v in Hs that 
sup(u,?;) and inf(u,w) are in Hs with: 

||sup(u,t;)||| + ||infKz;)|l| = |l«|l| + |lt;|l|. 

We restrict ourselves to the case where the sequence (capg(i?i))i is convergent. For 
all i > 0, let Ui be such that ||ui||| < capsiEi) + Si with m € C{Ei) and — e. 
Define w„ — mii<nVi- Observe that: Vn = inf(-y„_i, HwnUl > cap5(i?„) and 
11 sup(w„_i,M„)||| > cap5(-B„_i). So: 

||w„||| + cap5(£;„„i) < / i9inf(t;„_i,u„) A 5inf(t;„_i,u„) A 5 

Ju 

+ I i9sup(t;„_i, u„) A 5sup(?;„_i, u„) A S" 
Ju 

< / idVn-l A Bvn-i /\ S + / idunhdunhS 
JU JU 

< ||u„-i||| + caps(£'„) +e„ 

Adding all these expressions from 1 to n (with ||ft-i||| < cap5(i?i) + £1 for n = 1), we 
get: 

||u„||| < cap5(£'„) + ^£1 < \imcaps{Ei) + s. 
We conclude by taking a weak limit of (u„). □ 

Proposition A. 2 Letu G Hs. Then u is quasi- continuous: it admits a representative 
u such that for every £ > there exists an open subset Q,^ with capg{Q,e) < £ and u 
restricted to U\fle is continuous. 
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Proof. By definition of Hs, tfiere is a sequence of smooth functions [un) in Hg 
converging to u in Hs- We can suppose that — Wn+iHl < 2~". Let u := 
Umu^ = + X];>m(wi+i — Mi). Then, this series converges uniformly on the 
closed set £m ■= n;>m{|M;+i — ui\ < So u IS Continuous there. Consider 

v„i := —J2i>m ^ '^d; it is less than —1 on Q^n '■= U\£m and it is in Hs- 

This gives the result for m large enough. □ 

Remark A. 3 The previous proof is a simple consequence of the fact that smooth 
functions are dense in Hs- Proving a similar result in the case of W* is a main 
difficulty of this paper. 

Recall that for u € Hg, the current 6 i— > {iddu A 5, 6) := —{u, 6)s is well defined. 

Definition A. 4 A function ip is S-subharmonic if iddip /\S is a positive Radon mea- 
sure on U . 

For E C U with cap g{E) ^ oo, the infimum in the definition of capg(£') is reached 
for a unique element in Hg. That is cap5(i<^) = ||u_e|||. Furthermore, is equal 
to —1 on the interior of E, it is S'-subharmonic on \J and 5-harmonic on any open set 
in U\E. The following lemma is useful: 

Lemma A. 5 Let ip € Hs and let u he an S-subharmonic function in Hs with if <u. 

Then Ms < \Ms. 

Proof. Let 6 := u — (f > 0. So {iddu A S,6) > 0. That means, by definition: 

-{u-ifi,u)s > 0. 

That is to say {u,u)s < {'P,u)s- By Cauchy-Schwarz inequality, that gives HwHl < 
ll^lls'll^'lls and the result follows. □ 

A. 2 Potentials 

Let B be the set of function in L°°{fi) with compact support in U. For f G B, we have 
that u 1-^ Jjj fudji is a continuous linear form on Hs. Thus there exists an element 
such that for all u G Hs, Jjj fudfj, — {U-f , u)s- Let P be the closure of the elements 
[/•' with / non negative; P is a closed convex cone in Hs (the cone oi potentials). Let 
V be an open set in U, define P{V) to be the closure in Hs of the elements where 
/ e -B is non-negative with support in V. 

Proposition A. 6 Let u S Hs, then the following properties are equivalent: 

1. ueP{V). 

2. For all v € Hs, v > onV , then {v, u)s > 0, or equivalently \\v + u\\s > \\u\\s- 
In particular, uy is in PiV). 

Proof. Let u = for some positive f & B with support in V and let v G Hs, v > 
on V. Then {v,u)s = {v,U^)s = J vfd/j. > 0. By density, we conclude for the first 
implication. 

On the other hand, let u be such that {v,u)s > for all v G Hs, t; > on 
V. Let u' be its projection on P{V), it is characterized by {u',u')s = {u,u')s and 
{u',h)s > {u,h}s for all h e P{V). Thus, {u',v}s > {u,v}s, for v = with 
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f ^ B positive, with support in V. That means u' > u /i-a.e in V. Now, we have 



u —u 



^ = (u', u' —u) s^{u, u'—u)s = — (u, u'—u)s < 0. Sou' = u and u is in P{V). □ 



Let -P^(V^) be the closure of the elements with f ^ B positive, with support in V, 
satisfying / fd^i = 1. It is a closed convex set in H, empty if and only if ^j.{V) = 0. 
We give an alternate description of the capacity. 

Proposition A. 7 Let V he an open set, then we have the equality: 
• caps(F) = ifP^V) = 0; 

Furthermore in the case where ca.pg{V) is finite, uy = if m(^) = 0; efoe uy = 



-V \ V 



^ where v is the element of minimal norm in P^{V). 



Proof. We assume n{V) > 0, so P'^{V) is not empty. Let v be its element of minimal 
norm: v satisfies {v, — v)s > for all / £ i? positive, with support in V satisfying 
/ fd^ — 1. So v{x) > ||w||| ^-a.e on V. 

If caps(y) = +00 then C{V) is empty (i.e. there is no element > 1 on V). That 
means ||w||5 = hence (inf u € P^(y)})~^ = +oo. 

Assume, cap(V") is finite, then uy exists and satisfies for / above {—uy,U^)s = 
J —uyfdfi = 1. So this inequality stands for v: {v, —uy)s = 1- It impHes v ^ and so 
(inf u e P^{V)})'^ is finite. Set w := -v/\\v\\l. We have w < -1 on V. From 

above, we deduce by Cauchy-Schwarz inequality that < Ijwylll. So w — uy by 

unicity of the element of minimum norm of C{V). □ 

We can now prove a result that allows us to really define pointwise values for the 
functions in Hs up to a set of zero capacity. 

Theorem A. 8 Let u G Hs he quasi- continuous, such that m < fi-a.e. Then, u < 0, 
quasi-everywhere. 

Proof It is sufficient to show that the sets Ea — {x\ u{x) > a > 0} are of zero 
capacity. Assume it is false, and choose a so that ceLps{Ea) > 0. Let V be an open 
set of capacity < capg{Ea) such that u is continuous on U\V. The set Q = Ea Li V 
is open because by continuity Ea n {U\V) :— {x e U\V\u{x) > a > 0} is an open 
set for the induced topology. Its capacity is stricly greater than capgiV). From the 
previous proposition, there is a function g £ B positive, satisfying / gd/i = 1 with 
support in f2, such that ||f/^|P < ^^p^^^j + £, where e > can be taken arbitrarily 
small. Furthermore: 



gd^i<^ J guydfi < \\uy\\s\\Ums < ^capsiV)^ 
and this last quantity is less than 1 for e small enough. Thus: 

/ gdfJ- = / gdfj. - gdn> 0, 
JE„\v Jn Jv 



1 



cap5(il) 



a contradiction. □ 



As in the proof of proposition IA.2^ we obtain the following pointwise convergence 
result: 
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Lemma A. 9 Let be a strongly converging sequence in Hg, then we can extract 
a subsequence that converges outside a set of S- capacity zero. 
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